RIEMANNIAN SYMMETRIES IN FLAG MANIFOLDS 



PAOLA PIU AND ELISABETH REMM 



Abstract. Flag manifolds are in general not symmetric spaces. But they are 
provided with a structure of Zj-symmetric space. We describe the Riemann- 
ian metrics adapted to this structure and some properties of reducibility. We 
detail for the flag manifold SO{b)/SO(2) x 50(2) x SO(l) what are the con- 
ditions for a metric adapted to the Zj-symmetric structure to be naturally 
reductive. 



1. Introduction 
In this work we call flag manifold any homogeneous space 

SO{n) 



G/H 



SO{pi) X ••• X SO{pk) 



with pi + • • ■ + Pk = n. We suppose also that pi > P2 > • • • > Pk- When k = 2 
and p2 — 1, this space is isomorphic to the sphere S"^^ and it is a symmetric 
space. When k = 2 and pi ^ 1, the homogeneous space G/H is isomorphic 
to the Grassmannian manifold and it is also a symmetric space. But if fc > 2 
the homogeneous space G/H is reductive but not symmetric. In |^ and Q we 
have shown that we can define on G/H a structure of Z2-symmetric space, that 
is, the Lie algebra g of G admits a Z|-grading. A Riemannian metric on G/H 
is called associated with the Z|-symmetric structure if the natural symmetries 
defining the Z2-symmetric structure are isometrics. The Riemannian geometry 
is more complicated than the Riemannian geometry of symmetric spaces (or Z2- 
symmetric spaces); in particular, it is not always naturally reductive. In the paper 
we investigate the Z2-symmetric Riemannian tensor on flag manifolds and develop 
all the computations when G/H = SO{5)/SO{2) x SO{2) x 50(1). 

2. Riemannian Z2-SYMMETRIC spaces 

This notion has been introduced in 1^. Let G/H be an homogeneous space 
with a connected Lie group G. We denote by g and f) respectively the Lie algebras 
of G and H. 
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Definition 1. The homogeneous space G/H is iJ^- symmetric if the Lie algebra q 
admits a iJ^-grading, that is, 



Z507' [071 ' 072] *^ 071" 

with fle = () where e is the identity o/Zj. 



If m = 



^76x5,7 



_^g0^ then g = 0e ffi nx and the Zj-grading iniphes [0e,nx] C m. 



But if /c > 2, we have not [m, m] C Qe- Thus the decomposition g = fle ffi m is 
reductive, not symmetric when k > 2. 

Consequence. A Zj-symmetric homogeneous space G/H is reductive. 

Example 2. From Q and it is possible to give a classification of the 
Jj^-grading of complex simple Lie algebras. In the following list we give the pairs 
(01 0e — (]) which the (local) classification of If^- symmetric structures when G is a 
simple complex or G is simple compact and real. 






0e = 


so(fci + 


^2 + ^3 + ^4), 




fci > k2 


>k3> ki, ka^O 




sp{ki + 


k2 + ka + ki), 


®tisp{h) 


ki > k2 


>k3> fc4,fc3 7^0 




so(2m) 




gl{m) 


so(2ki - 


f 2fc2) 


gl{ki) ® gl(k2) 


sp(2m) 




gl{m) 


sp{2ki - 


f 2/C2) 


gl{ki) ® gl{k2) 


so{2m) 




so{m) 


so(4m) 




sp{2m) 


sp(4m) 




sp{2m) 


sp{2m) 




so{m) 


sl{2n) 




sl{n) 

®f^^sl{ki) (B C 


sllki + 


k2) 


sl{ki + 


k2 + fca) 




sl{ki + 


^2 + ^3 + ki) 


®^is/(fc,)®C3 


so(8) 




gl{3)®gl{l) 



so(8) ® so(8) 
su{8) ® C 

so(12) ® sp{l) ® sp{l) 



Fi 



G2 







E7 



so(6) ® C 
sp{2) ® sp{2) 
sp{3) ® sp(l) 
sm(3) ® su(3) ® 
sm(4) ® sp(l) ® sp(l) 
sm(5) ® C2 
so(8) ® C2 
so(9) 



so(8) 

sw(4) ® su(4) ® C 
sp(4) 

sm(6)® sp(l)®C 

so(8) ® so(4) ® sp(l) 

u(6)®C 

so(lO) ® C2 

F4 



0e = 



u(3)®C 

sp(2) ® sp(l) ® sp{l) 
so(8) 



If Af = G/H is a Z2-symmetric space, the grading 



m 



^7GZj,7#e07 
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is associated with a spectral decomposition of g defined by a family {<T'y,7 £ Z2} 
of automorphisms of g satisfying 

\ CT^i o cr^2 = 0-72 ° 

for any cr, (Ti,cr2 G ^2- "'7 G ^ut(g) defines an automorphism s-y of G 

and 7J, if it is connected, corresponds to the identity component of the group 
{A e G/Vcr e TL\,Sy[A) = A} . The family {5^,7 S Z^} is a subgroup of Aut{G) 
isomorphic to Zj. For any x e G/H, it determines a subgroup {s.y^x,^ & '^2} of 
Diff{M) isomorphic to Z2. The diffeomorphisnis s.y^x are called the symmetries 
of the Z|-symmetric space G/H. By extension, we will also call symmetries, the 
automorphisms s-y of G. 

Remark. A F-symmetric space, when F is a cyclic group is usually called general- 
ized symmetric space. In this case the grading of the Lie algebra is defined in the 
complex field and correspond to the roots of the unity. For a general presentation, 
see |. 

Definition 3. A Riemannian metric g on the (reductive) "L^-symmetric space 
G/H is called adapted to the -symmetric structure if the symmetries s^^^ o,re 
isometrics for any 7 in Zj and x in G/H. 

In this case we will say that G/H is a Riemannian WJ^-symmetric space. 

As G/H is a reductive homogeneous space, we consider only G-invariant Rie- 
mannian metrics on G/H which are positive-definite acJ(-ff)-invariant symmetric 
bilinear form B on m, with the following correspondence 

B{X,Y)=g{X,Y)^ 

for X,Y ^ xn. As in this paper we consider H connected, the invariance of B is 
written 

B{[Z,X],Y) + B{X, [z,r]) =0, 
for X,Y mm and Z e f). 

Proposition 4. Let G/H he a iJ^-symmetric structure with G and H connected. 
Any Riemannian metric g adapted to the 'Ij2-symmetric structure is in one-to- 
one correspondence with the ad{H) -invariant positive- definite bilinear form B on 
m such that _B(g^,g^/) — for 7 7^ 7' in Z2 where g = ®^gz^07 '•^ ^2" 
grading corresponding to the X2-symmetric structure of G/H. Let U{X^Y) he the 
symmetric hilinear mapping 0/ m x m mm defined hy 

2B{U{X, Y), Z) - B{X, [Z, YU) + B{[Z, XU,Y), 

for all X,Y, Z (z m, where [ , ]m denote the projection on m of the bracket of g. 

Thus the Riemmanian connection for g is given by 

VxY = UiX, Y) + ^[X,YU 
and the curvature tensor satisfies 

= VxVyZ- VyVx^- V[x,y],„Z- 
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for X,Y, Z m and where the term [X, Y]^^ , Z corresponds to the hnear isotropy 
representation of H mto G/H. 

3. The Riemannian Zj-symmetric space 
SO{5)/SO{2) X S0{2) X 5(9(1) 

Any Riemannian symmetric space is naturaUy reductive. It is not usually the 
case for Riemannian Zj-symmetric spaces as soon as /c > 2. In this section we 
describe the Riemannian and Ricci tensors for any Z^-symmetric metric on the flag 
manifold SO{5)/SO{2) x 5*0(2) x 50(1). In particular we study some properties 
of these metrics when they are not naturally reductive. A Z2-grading of the Lie 
algebra so(5) is given by the decomposition 



fl = 0e © fla < 

corresponding to the multiplication of Z^ 



5 06 ffi Qc, 

a? — ^ — e, ab — c,ac — b, be - 
a, e being the identity. To describe the components of the grading, we consider 



so(5) 





-ai 

-02 

-hi 



Xl 



-as 
—04 

-b2 



ai 


-X2 



02 



-C2 



62 



Cl 
C2 





^bi^ Ci 



> . 



Thus 



Qe^ {X e so(5) / a-i = bi^ Ci^O}, 

Qa = {X G S0(5) / Xi = bi = Ci = 0} , 

Bb^ {X e so(5) / Xi = b,, = Q = 0} , 
Qc = {X e so(5) / Xi ^ Qi = bi = 0} . 

We have Qe = so(2)©so(2)©so(l) and this grading induces the Zj-symmetric struc- 
ture on 50(5)/50(2) x 50(2) x 50(1). Moreover, from [g, this grading is unique 
up an equivalence of Za-gradings. We denote by {{Xi, X2} , {Ai, A2, A3, A4} , 
{Bi, ^2} , {Oi, O2}} the basis of so(5) where each big letter corresponds to the ma- 
trix of so(5) with the small letter equal to 1 and other coefficients are zero. This ba- 
sis is adapted to the grading. Let us denote by {tui , 0^2 , ai , 0:2 , 03 , a4 , /3i , /32 , 71 , 72 } 
the dual basis. 



Theorem 5. Any "L^- symmetric Riemannian metric g on 50(5) / S0{2) x 50(2) x 
50(1) is given by an ad(H) -invariant symmetric bilinear form B on m ~ Qa (B 

06 ©Be 

B = t'^iaj +al + al + aj) + u(Q;ia4 - 0203) + v'^{l3f + /3|) + w'^{-/f + 7I) 
with tvw ^ and u £ ] -At'^, At^ [. 
Proof. It is explain in detail in Q. 

The Riemannian connection is given by 

^x{Y)^]^[X,YU + U{X,Y), 
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for any X,Y ^ m, where U is the symmetric bihnear mapping on m x m into m 
defined by 

2B{U{X, Y), Z) = B{X, [Z, YU) + B{[Z, XU Y), 
for any X,Y,Zg m. The bilinear mapping U is reduced to 



with 



with K = yt^ — fp. If {Aj, Bi,Ci} is the dual basis, this basis is orthonormal 

and the brackets [ , ]m are given by 



ai = tai + -^OLi, 0(2 = ta2 — ^^QJs, 0:3 = Ka^i^ = Ka^, 
Pi = vpi, 02 = vl32, 71 = wji, 72 = Wj2- 



Ai A2 As A. 



Bi 



2t^vK 





Kv 

w 
' Kv 





C2 



V D 



uv p 



7^ Si 

tw ^ 



V TD 



U A 

^A, 



2vwt, 



^1 
A2 -^C2 

^3 -2^^C2 

Aa i^^^Ci 

% 

C2 

Recall that the Riemannian connection V is given by 

Vx{Y) = U{X,Y) + ]^[X,YU, 

and the Riemannian curvature R{X. Y) is the matrix given by 

R{X, Y){Z) = VxVyZ - VyVxZ - W^x^y^Z - [[X, Y\^,Z\, 

for X,Y, Z € m and where the term [X, Y]^,Z corresponds to the linear isotropy 
representation of H into G/H. 



Bo 



C2 



^Ai 
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The symmetric mapping U is given by 
UiX,Y) Ai M A3 Ai % 



Bo 



C2 







— Ci 



2tvw 



t —V r-i 
2tvw ^2 



— UV 



UV /~i 





U ft 



2tvw 1 



2Kvw 



HI ^ 



4vwt 



Bo 



Bi 



2Kvw 2 



B, 



-■^Co 



2Kvw ^2 




it^vK 



Bi 



2Kvw 



Bo 



^2' 



/ 2 2\ ■ — - 

A^9. 



2vwK 



2vwK ■ 



Ai 
M 

Bi 
B2 

Infinitesimal isometrics are given by the vectors X G m satisiying 

B{AxY,Z)^-BiY,AxZ), 

for any Y,Z em, where AxY = \X, Y] - VxY. Since VxY = U{X, Y) + ^[X, Y], 
we have AxY = —U{X,Y) + ^[X,Y]. Thus X e m is an infinitesimal isometry if 

B{[X,Y],Z) + B{Y,[X,Z]) = 0, 

for any Y,ZGm.. 

Proposition 6. If X G xn is an infinitesimal isometry, thus 

(1) Ifu = Oand ^ ^ 

(a) 7/^2 = i;2, X = Ci^+C2^ 

(b) Ift" = X = cxBjjV C2B2, _ _ 

(c) If v'^ ^ w'^ , X = aiAi + 02^2 + 03^3 + 04^4- 

(2) Ifu^Oand _ _ _ _ 

(a) Ifv"^ =w'^, X = aiAi + 02^2 + 03^3 + 04^14, 

(b) Ifv^^w\X = Q. 

In particular, if u = and = v'^ = xjp' , the bilinear form B is ad(m)-invariant. 
4. On the (non) naturally reductivity 

We consider on the Z|-symmetric space SO{^)/SO{2) x 50(2) x SO{l) the 
Z|-symmetric Riemannian metric associated with the bilinear form 

B = t'^{al +al + al + al) + u{aiai - a2Q!3) + v^{l3l + /3|) + w'^{'yl + 7I) 



RIEMANNIAN SYMMETRIES IN FLAG MANIFOLDS 



with tvw ^ and u e ] -4^^, 4*^ [. 

Proposition 7. The Z^- symmetric space SO{5)/SO{2) x SO{2) x SO{l) is nat- 
urally reductive if and only if 



that is, B{U{X,Y), Z) = for any X,Y,Z € m. From the expression of U we 
deduce u = and t^ = = = K'^. But u = imphes K'^ = t^. ^ 

Now, we assume that we have not the naturally rcductivity property. In this 
case, we can study if such a Riemannian space is a d'Atri space, that is, the 
geodesic symmetries preserve the volume. Let us recall that naturally reductive 
homogeneous spaces are d'Atri spaces, but these two notions are not equivalent. 
We know some examples of d'Atri spaces which are not naturally reductive. The 
condition of being a d'Atri space is often difficult to compute because it is necessary 
to know the equations of geodesies. But the D'Atri definition is equivalent to the 
Ledger (infinite) system whose the first equation writes 



L{X,Y,Z) = {Wxp){Y,Z) + {Wyp){Z,X) + {Wzp){X,Y) = 0, 



for any X,Y. Z E m, where p is the Ricci tensor, that is, the trace of the linear 
operator V — )■ R{V, X)Y. In the orthonormal basis previously defined the Ricci 
tensor is the symmetric matrix 





Pll 








Pl4 





















P22 


P23 
























P23 


P33 





















Pli 








P44 






























P55 




























































P77 







I 























P88 


) 



u = and t'^ = = w^. 



Proof. Indeed, naturally rcductivity means that 



B{X, [Z,YU+B{\Z,XU,Y)=0, 



with 



P33 = P44 = 



Pll = P22 = 



Pl4 = -P23 = 



{it* -u'^f -4,{v''-6vV+w'' ) (m^ +4t^ ) 
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The non trivial Ledger equations (for the first condition) are 

L{A^,B^,Ci) = LiA2,Bi,C2), 
L{M,B2,C2) = L{A2,B2,Ci), 
L{As,Bi,C2) = L{A^,B^,Ci), 
[ L{As,B2,Ci) = L{A4,B2,C2). 



Thus we obtain 



(*) 



(^2 _ ^2)^^^ + (^2 _ ^2)^^^ + (^2 _ ^2)^^^ + ^i^^g^Pl4 = 0, 
-2tP55 + 2tP77 H —Pli - U, 



2tvwK 
„2 ,„2 



o _1_ uw . 



^P77 = 0, 



If w = 0, thus pii = P33, pi4 = and (*) is equivalent to 

{v"" - W^)p33 + {W^ - t^)p55 + {t' - V')P77 = 0, 

that is, 
We obtain 



V — w 

or 9t^ + + 10?;2w;2 + - lOt'^v'^ - lOt'^uP 



0. 



Let us study the second equation. For this, since t ^ 0, we can consider 
the change of variables 

The equation becomes 

9 - W{V + W) + {V + + 8VW = 0. 

Now we put S = V + W, P = VW and we obtain 

p_ -S^ + 105 - 9 
~ 8 ■ 

Since V and W arc strictly positive, P > 0, which implies that —S^ + 
lOS - 9 > 0, that is, 5 € ]1, 9[ . With these conditions, V and W are the 
roots of - SX + P = 0. In fact they always exist since - SX + P = 
X'^ -SX+ -s^+ws-9 has as discriminant 



4P = S^ 



-52 + 105-9 352-105 + 9 
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which is always positive. The roots of X — SX + P are 



1-1 — \l 

= 



Since 5 e ]1, 9[, P > and X^ > 0, > 0. We obtain 

2 2 
V W 



=iXi,X2) or {X2,Xi). 

Proposition 8. Assume that the Riemannian Ij^- symmetric metric on 
SO{5)/SO(2) X SO{2) X 5*0(1) associated with a bilinear form B with 
■u = satisfies the first Ledger condition. Then B is one of the following 

bilinear form 

B, = t\ai + gj + gj + aj) + v\Pl + /j| + il + 7I), 

g _ . / 35^-105+9 ' 



52(5) = t\al+al+al + al + - (/3?+/3|) 

+ - 





-lOS+9 




^ ( 


2 










-al + a 


/3S2 


-lOS+9 



5- 



35^-105+9 



+ ' 2 ^ (7i^+7l))> 

with S G ] 1, 9[ . The metrics associated with B2 (S) and B^ {S) are not natu- 
rally reductive and the matrix associated with Bi is not naturally reductive 
as soon as t^ 7^ . 

Assume that u^O. The first Ledger condition writes 



-t^v^ - w;2)(36t6 - m^{v^ + w^) + 6u^{v^ + w^) 

t^uiv^ - W2)(28i4 - 7U^ - 16i2(i;2 + ^,2) ^ 4(^,4 _ g^2^2 ^ ^4)) ^ 
(w2 - z«2)(144i8 _ 160t6(^;2 _^ ^2^ ^ m^U^iv^ + W^)- 

16^4(4^2 -v^- lOv^w^ - w*) + u\7u^ - A{v^ - 6v^w^ + w*))) = 0, 

^ t'^u{v^ - W2)(4t6 - 12*4(^2 + ^2) ^ 3^2(^2 ^ ^,2^ _ ^2(^2 _ 32v^yj2^) = 0. 

We obtain = w"^ or 

36t^ - 40t'*(w2 + w"^) + 6w2(u2 + w"^) + t'^{-9u'^ + 4(^4 + lOw^w^ + w^)) = 0, 
28*4 - 7u^ - m^{v^ + w^) + 4{v^ - 6v^w^ + w^)) = 0, 

144*8 _ 160*6(i;2 ^ ^ 40*2^2^^2 ^ 

16*4(4^2 - w4 _ 10v2u;2 - u;4) + ^2(7^2 _ 4(^4 _ g^2^2 ^ ^^4^^ ^ g, 
4*6 _ 12*4(^;2 + ^2) ^ 3y2^^2 ^ y,2-) _ ^2 ^^2 _ 32^;2y,2-) ^ q 
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The change of variables: U ^ ^, V ^ W^^, S ^V + W and P ^ VW 
shows that the first three equations of the previous system are equivalent. So the 
system reduces to the two equations 



(1) 
(2) 



Equation |l| gives 

P = 



64P - 2APS + AS- 13S'2 + 35"^ = 0, 
TJ/^ = 28 - 16S + 4(S'2 - 8P). 

-45' + 1352 - 3S^ _ -5(5 - 4)(35 - 1) 



8(8-35) 



35) 



because 5" = | is not a solution. Thus V and W are roots of — SX + P = if 
there are two real solutions of this equation. But 

-5(5-4)(35- 1) 



X^ - SX + P = X^ - SX 
and its discriminant is 



A = 5"^ - 4P = 5^ 



8(8 - 35") 

5'(5-4)(35- 1) S'(-352 + 35 + 4) 



2(8-35") 2(8-35) 
We obtain a condition on 5" to the existence of V and W which is 

3 + V57 



Se 



0,- 



6 



u 



Moreover we want V and W to be positive solutions so P > and 5" > 0; we have 
to take 5 e ] i, I [ IJ ]4, +oo[ . Finally 



5 e 



1 3_ 
3'~ 



6 



-00 



Then Equation || gives conditions on 5 to the existence of U. In fact Equation 
^ is equivalent to 

^,^^8_-7S + S^ 



35 



Then 5" G 







u 



8 7+VT7 
3 ' 2 



But we have also that u e ]—At'^,At'^[ so 



7-%/i7 



< 16 which reduces to 5^ + 55 - 24 < and 5 G 
With the conditions coming from |^ we finally have that 5 G 



U]|,3[. 

1 7-V17 
3 ' 2 



Proposition 9. Assume that the symmetric metric on 50(5) / 50(2) x 50(2) x 
50(1) associated with a bilinear form B with u ^ satisfies the first Ledger 

condition. Then 5 belongs to 



1 7-VT7 

3' 2 



and B — t'^{ai+a2 + al + aD + u{aia4- 



a2a4) + w2(/3? + /3|) + w2(7? +7I), with 
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(1) 




16S + eg^ - ^25(32 + 126' - 33S^^ + 9S^ 
-32 + 125 



and 



8(8-35)y 




(2) 




-165 + 65^ - v/2g(32 + 125 - 33ffl + ggSJ 
-32 + 125 



and 




and in each case u' 
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